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Chapter 1Introdu
tionCombinatorial optimization is a wide area, whi
h has many pra
ti
al appli
ations.There are many 
ommon approa
hes, su
h as integer programming and lo
al sear
hmethods, whi
h 
an be used to solve the 
ombinatorial optimization problem at hand� either to a global optimum (whi
h may be time 
onsuming and very di�
ult) orto a reasonably good solution (whi
h 
an be attained relatively qui
kly).In this thesis we dis
uss two variants, asymmetri
 and unidire
tional, of the
ombinatorial optimization problem known as the 
overing 
ode problem. The basi
idea with the 
overing 
ode problem is that we have a spa
e we want to 
over, andwe 
an 
over it by pi
king lo
ations for 
odewords. A 
odeword 
overs a 
ertain areaaround it, i.e. everything whi
h is within the 
overing radius from the 
odeword.The goal is to minimize the number of 
odewords (i.e. the 
ardinality of a 
overing
ode) we need to 
over the whole spa
e. For example, 
onsider 
ellular networks:what the network 
ompany wants is that phones 
an be used everywhere insidethe spe
i�ed area (the spa
e to be 
overed). For a phone to be usable, it must be
lose enough (within the 
overing radius) to a base station (a 
odeword). Sin
ebase stations are not 
heap, the network 
ompany wants a plan (a 
overing 
ode)to allo
ate as few base stations as possible to the spe
i�ed area, so that phones 
anstill be used everywhere inside the area.We apply the 
onventional te
hniques � that is, integer programming, a lo
alsear
h method (tabu sear
h) and exhaustive sear
h � to solve, or at least to bound,the optimal solutions for asymmetri
 and unidire
tional binary 
overing 
odes, andwe dis
uss the weaknesses and problems that may arise when these methods areused. We suggest some approa
hes, whi
h might be able to over
ome these issuesby using more knowledge on the problem at hand, and we give some preliminaryresults with some of these ideas.This thesis has the following stru
ture. General information regarding 
over-ing 
odes, notations and the de�nitions for asymmetri
 and unidire
tional 
overing
odes are given in Chapter 2. The possibilities of using integer programming withthe problem are dis
ussed in Chapter 3. In Chapter 4 we des
ribe an exhaustivesear
h algorithm, whi
h is used to 
onstru
t 
odes with 
ertain properties (or to1



CHAPTER 1. INTRODUCTION 2show that no su
h 
odes exist). The lo
al sear
h te
hnique, tabu sear
h, and ourimplementation of it are dis
ussed in Chapter 5. The empiri
al tests and their re-sults with tabu sear
h and exhaustive sear
h are presented in Chapter 6, and �nallyin Chapter 7 we give the 
on
rete results � that is, the best known lower and upperbounds on asymmetri
 and unidire
tional binary 
overing 
odes � as well as our
on
lusions attained during the making of this thesis.



Chapter 2Covering Code ProblemIn this 
hapter we des
ribe 
overing 
odes and introdu
e the main notations usedwith them. We des
ribe the 
on
epts of asymmetri
 and unidire
tional 
overing
odes and review the published results on them.2.1 Covering CodesWe begin by a few de�nitions. If a ve
tor is in a 
ode C, we 
all it a 
odeword.A word word is used of those ve
tors, whi
h may or may not be in a 
ode. Theweight, w, of a word is the number of 1s in the word. A 
ode C ⊆ S is an R-
overing
ode on a ve
tor spa
e S, if for any word v ∈ S there is a 
odeword c ∈ C that
overs v � that is, the distan
e from c to v is at most R. The 
ommon de�nition forthe distan
e is the Hamming distan
e dH(c, v), whi
h is the number of 
oordinateswhere the ve
tors c and v di�er. The obje
tive in a 
overing 
ode problem is tominimize the 
ardinality of the 
overing 
ode.The ve
tor spa
es that have been resear
hed quite well are Zn
k , for k = 2, 3, 4(binary, ternary and quaternary). In addition also mixed 
overing 
odes, wherespa
e S is spanned by ve
tors of type Zn

2 Zm
3 , have been studied to some extent.The study of 
overing 
odes have been mainly motivated by football pools and data
ompression. For further information about 
overing 
odes the reader is referredto [6℄. A binary 
overing 
ode of length n, 
ardinality K and 
overing radius Ris denoted with (n, K)R. Minimal 
ardinalities of (n, K)R 
odes are denoted with

K(n, R) (the notation K(b, t, R) is used for mixed alphabets, where b is the numberof binary and t ternary 
oordinates).Example In football pools a player tries to guess the out
omes of football mat
hes(1 = home team wins, X = draw, 2 = guest team wins). In Figure 2.1 we have aplayer, who is �sure� about the out
omes of eleven mat
hes, but he/she is un
ertainabout the two remaining mat
hes. So the question is, how should our player pur
hasegame 
oupons to ensure the result he/she desires � assuming the player really is
orre
t in those eleven mat
hes? To ensure thirteen 
orre
t out
omes he/she will3



2.1 Covering Codes 4have to buy all 
oupons (32 = 9), but if he/she would be satis�ed with at leasttwelve 
orre
t out
omes, the less 
oupons would be ne
essary. A 1-
overing 
ode on
Z2

3 will give him/her the answer about whi
h 
oupons should be pur
hased (three
oupons are needed, as the reader 
an verify from the graph).

Luton − Tranmere
Leeds − Brighton
Brentford − Hartlepool
Nottingham − Peterborough
Burnley − Bournemouth
West Ham − Sheffield U
Reading − Leicester
Blackburn − Colchester
Derby − Fulham
Newcastle − Coventry
Everton − Sunderland
West Bromwich − Tottenham
Arsenal − Wolverhampton

1

1

1
1

1
X

X
X

2
X

1

X2

1 X
XX

X 2

X 1

1 1

1 2

22

12

1 X 2

Figure 2.1: A football pool exampleExample One idea to implement a lossy 
ompression (for binary data) is to use a
overing 
ode on Zn
2 � an original binary ve
tor in Zn

2 is en
oded with a 
odeword,that 
overs it. Lets say we would like to 
ompress (lossly) data, whi
h is representedby binary ve
tors of length seven. Then we 
ould use a minimal 1-
overing 
ode on
Z7

2 (i.e. (7, 4) 
ode) to do the lossy 
ompression � see Figure 2.2, in whi
h 
odewordsare presented by their de
imal and binary values, and the 
overed words are drawnwith the same 
olor as the 
odeword, whi
h 
overs them. A minimal (7, 4) 
ode hasthe 
ardinality of 16, so the 
odewords 
an be en
oded with four bits. Therefore we
ould 
ompress seven bits by four bits, but � of 
ourse � there is no way to retrievethe lost information in those three bits.Error-
orre
ting 
odes are 
losely related to 
overing 
odes. With 
overing 
odesone tries to 
onstru
t a minimal 
ode 
overing the whole spa
e, whereas with error-
orre
ting 
odes one tries to 
onstru
t a maximal 
ode so that the 
overages ofindividual 
odewords do not overlap. With error-
orre
ting (and error-dete
ting)
odes the interesting parameter is the minimum distan
e d, whi
h is the shortestHamming distan
e between any two 
odewords. The value of d is interesting, be
ausethe 
ode 
an 
orre
t up to ⌊d−1
2
⌋ errors (and dete
t up to ⌈d−1

2
⌉ errors). For odd

d an error-
orre
ting 
ode problem 
an be 
onsidered to be dual to the 
overing
ode problem (with d−1
2

= R). If the solutions of these two problems 
oin
ide, thenthe solution is a perfe
t 
ode (that is, there is a 
overing 
ode whi
h 
overs everyword in spa
e exa
tly on
e). See [13℄ and its referen
es for more information onerror-
orre
ting, error-dete
ting and perfe
t 
odes.



2.2 Asymmetri
 and Unidire
tional Covering Codes 5
123: 1111011

 61: 0111101  79: 1001111 118: 1110110

   9: 0001001

   4: 0000100

 48: 0110000

 46: 0101110 23: 0010111  92: 1011100 101: 1100101

104: 1101000 81: 1010001 35: 0100011 26: 0011010

 66: 1000010

7
5(  )

7
6(  )

7
7(  )

7
4(  )
7
3(  )
7
2(  )
7
1(  )
7
0(  ) Figure 2.2: A lossy 
ompression exampleAsymmetri
 and unidire
tional error-
orre
ting 
odes have been studied quiteextensively, sin
e they are very useful in tele
ommuni
ation. Asymmetri
 and uni-dire
tional 
overing 
odes have re
eived almost no attention at all, due the the fa
tthat the pra
ti
al appli
ations for them are s
ar
e or non-existent.2.2 Asymmetri
 and Unidire
tional Covering CodesWe say that a 
odeword c R+-
overs all the words that 
an be obtained from cby repla
ing at most R 1s with 0s � and similarly, a 
odeword c R−-
overs all thewords that 
an be obtained from c by repla
ing at most R 0s with 1s. A 
ode Cis an asymmetri
 R-
overing 
ode if for every word v ∈ Zn

2 there is c ∈ C, whi
h
R+-
overs v.In a similar way a 
ode C is a unidire
tional R-
overing 
ode if for every word
v ∈ Zn

2 there is c ∈ C, whi
h either R+ or R−-
overs (i.e. R±-
overs) v. We use thenotations (n, K)+R and (n, K)±R, respe
tively, for asymmetri
 and unidire
tional
overing 
odes on Zn
2 with 
ardinality K. The notations D(n, R) and E(n, R) areused for the minimal 
ardinalities of su
h 
odes.To give a 
lear basis and motivation for some of the results presented shortly wedemonstrate a graphi
al way to approa
h the problem.Example A graphi
al representation of Z4

2 is shown in Figure 2.3. Both the de
imaland binary representation of the words are in
luded. The words with the same weight
w are grouped on the same level. In the left there is a binomial showing the totalnumber of words with the 
orresponding weight. There is an edge between words,if the 
orresponding words di�er exa
tly at one 
oordinate.



2.2 Asymmetri
 and Unidire
tional Covering Codes 6In addition, the di�eren
es between R-, R±- and R+-
overages for R = 2 aredemonstrated in Figure 2.4. The 
odeword (node 13) is indi
ated with darker 
olorand the words 
overed by it are indi
ated with lighter 
olors and arrows.Apparently the asymmetri
 
overing 
odes were �rst studied in [7℄. Their workwas motivated by layout of data 
ompression in VLSI designs [8℄. In addition asym-metri
 
overing 
odes have been studied in [3, 17℄, as well as in [9℄ (although nopaper was published).The unidire
tional 
overing 
odes have only been studied in [18℄. The pra
ti
alappli
ations for them are yet to arise.
12:110010:1010 9:1001 6:0110 5:0101 3:0011

13:110111:1011 14:1110 7:0111

15:1111

 8:1000 4:0100 2:0010 1:0001

 0:0000

4
4(  )
4
3(  )
4
2(  )
4
1(  )
4
0(  ) Figure 2.3: A graphi
al presentation of Z4

2

Unidirectional AsymmetricR=2

 0

 1  2  4  8

 3  5  6  9 10 12

 7 11 13 14

 0

 1  2  4  8

 3  5  6  9 10 12

 7 11 13 14

 0

 1  2  4  8

 3  5  6  9 10 12

 7 11 13 14

15 1515

Figure 2.4: Di�eren
es between R-, R±- and R+-
overages
2.2.1 Asymmetri
 Covering CodesWe will now review the results presented in [3, 7, 17℄ for those parts, whi
h still
ontribute to (note that quite a few results were omitted from this thesis, and



2.2 Asymmetri
 and Unidire
tional Covering Codes 7reader should refer to the papers for some more theoreti
al results) the best knownlower and upper bounds on D(n, R). Theorems and Corollaries from 2.2.1 to 2.2.6are from [7℄ and Theorem 2.2.7 from [3℄.Theorem 2.2.1 Let C be a (n, K1)
+R 
ode and 1 ≤ i ≤ n be an arbitrary 
oordi-nate. If (c1, c2, . . . , ci, . . . cn) ∈ C and ci = 1, then (c1, c2, . . . , ci−1, ci+1, . . . , cn) ∈ Ĉ.The shortened 
ode Ĉ is a (n− 1, K2)

+R 
ode.Proof Let Ci be the set of 
odewords c ∈ C, whi
h have 1 at the 
oordinate i.Sin
e C is a (n, K)+R 
ode, all the ve
tors (v1, v2, . . . , vi−1, 1, vi+1, . . . , vn) ∈ Z2 are
R+-
overed by Ci. �Corollary 2.2.2 D(n− 1, R) ≤ D(n, R).Let φ(n, R) be the maximal number of 0s in a minimal (n, K)+R 
ode.Theorem 2.2.3 D(n− 1, R) ≤ D(n, R)− φ(n, R)/n.Proof Let C be a minimal (n, K1)

+R 
ode attaining D(n, R), whi
h has the maxi-mal number, φ(n, R), of 0s. Let i be the 
oordinate, in whi
h the most of the 
ode-words in C have 0. Then shortening C at the 
oordinate i produ
es a (n−1, K2)
+R
ode, whi
h has a 
ardinality K2 at most D(n, R)− ⌈φ(n,R)

n
⌉. �The dire
t sum 
onstru
tion, ⊕, is de�ned as follows: (c1, c2) ∈ C1 ⊕ C2, where

C1 and C2 are 
odes, and c1 ∈ C1, c2 ∈ C2.Theorem 2.2.4 Let C1 and C2 be (n, K1)
+R1 and (m, K2)

+R2 
odes, then C1⊕C2is a (n + m, K1K2)
+R3 
ode, where R3 = R1 + R2.Proof Let v1 ∈ Zn

2 and v2 ∈ Zm
2 . Sin
e C1 and C2 are asymmetri
 
overing 
odes,there are c1 ∈ C1 and c2 ∈ C2 whi
h R+

1 - and R+
2 -
over v1 and v2. A

ording thede�nition of dire
t sum (c1, c2) ∈ C1⊕C2, and therefore for every v = (v1, v2) ∈ Zn+m

2there is a c = (c1, c2) ∈ C1 ⊕ C2 at least (R1 + R2)
+-
overing v. �Corollary 2.2.5 D(n, R) ≤ D(n1, R1) ·D(n− n1, R− R1).Theorem 2.2.6 D(n, n − R) ≥ R + 1 for n ≥ 1 and R ≥ 0, with equality when

n ≥ nR := R(R+1)
2

. Further more, nR is the least integer n for whi
h equality holds.Proof We omit the proof. The reader is referred to [7, Theorem 13℄.We do not use the following result, but we �nd it well worth mentioning, as itmight be used for proposing a stru
ture for 
overing 
odes and ease � for instan
e �
onstru
ting better 
overing 
odes by a lo
al sear
h method.



2.2 Asymmetri
 and Unidire
tional Covering Codes 8Theorem 2.2.7
D(n, 1) ≤ |

[n/2]
⋃

i=0

C(n + 1, n + 1− 2i, n− 2i)|,where C(v, k, t) is a 
overing design, where any 
olle
tion of spe
ial k-subsets S ofa v-set su
h that any t-subset T is 
ontained in at least one S.Proof The reader is referred to [3, Theorem 3℄ for the proof.2.2.2 Unidire
tional Covering CodesWe will now review the results presented in [18℄. Some of the results are presentedin Se
tion 2.2.3, sin
e they 
an also be used with asymmetri
 
overing 
ode problem.Unidire
tional 
overing 
odes are a bit more di�
ult to be 
onstru
ted, that is,the 
onstru
tion methods working for 
overing 
odes and asymmetri
 
overing 
odeseither does not seem to work or they 
an be applied only limitedly. For instan
e,the dire
t sum 
onstru
tion works for unidire
tional 
overing 
odes, as long as other
ode is full (i.e. Zn
2 ).Theorem 2.2.8 If C ⊆ Zn

2 has unidire
tional 
overing radius R, then C ⊕Zm
2 is a

(n + m, 2m|C|)±R 
ode.Proof Let C be a (n, K)±R 
ode. For any v = (vn, vm) ∈ Zn+m
2 (where vn ∈ Zn

2 ,
vm ∈ Zm

2 ) there is a c = (cn, cm) ∈ C ⊕ Zm
2 (where cn ∈ C, cm ∈ Zm

2 ) R±-
overing
v, Sin
e vn is R±-
overed by c and vm 0-
overed by cm. �Corollary 2.2.9 E(n + 1, R) ≤ 2E(n, R).Some trivial results:Theorem 2.2.10 1. The 
ode C = {00 . . . 0} attains E(n, R) = 1, n ≤ R.2. The 
ode C = {00 . . . 0, 11 . . . 1} attains E(n, R) = 2, ⌊n

2
⌋ ≤ R < n.3. E(n, 1) = K(n, 1), where K(n, R) is the minimal 
ardinality of a R-
overing
ode on Zn

2 .One more 
onstru
tion related theorem was introdu
ed � whi
h is exa
tly thesame as with �normal� 
overing 
odes � but we need an another de�nition beforepro
eeding.A 
ode is 2-surje
tive, if for any two 
oordinates the all four {00, 01, 10, 11}
ombinations 
an be found in the 
odewords in those two 
oordinates.Theorem 2.2.11 If there exists a 
ode attaining E(n + 2, R + 1) that is not 2-surje
tive, then E(n, R) ≤ E(n + 2, R + 1).



2.2 Asymmetri
 and Unidire
tional Covering Codes 9Proof Let C be a 
ode attaining E(n + 2, R + 1) and let it be not 2-surje
tive inthe last two 
oordinates (w.l.o.g). Let b ∈ Z2
2 be the 
ombination not appearing inthose two last 
oordinates. Trun
ating (removing) last two 
oordinates of C gives
ode C ′. The unidire
tional 
overing radius of C ′ must be at most R (sin
e C hasunidire
tional 
overing radius R+1 and b does not o

ur in the two last 
oordinatesof any c ∈ C). �Theorem 2.2.12 E(2R + 3, R) = 8 for R > 1.Proof Solving IPexa
t(7, 2)± � see Se
tion 3 and IP Problem 1 � shows that

E(7, 2) = 8. Results in [12, Table 1℄ show that there are no 2-surje
tive (2R+3, 7)R
odes for R > 1, and therefore no 2-surje
tive (2R + 3, 7)±R 
odes exist for R > 1either. If there would be a (2R + 3, 7)±R 
ode C, where R > 1 and K = 7, thenTheorem 2.2.11 would give E(2(R − 1) + 3, R − 1) ≤ 7. Applying this re
ursivelyone would arrive to E(7, 2) ≤ 7, whi
h is a 
ontradi
tion.2.2.3 Constant Weight CodesLet v(n, w, k, w′) be the maximum number of words with weight w′ and length n,that 
an be 
overed with k 
odewords of weight w of length n. Later on in Se
tions 3and 4 we use this fun
tion to 
onstru
t integer programming problems and improvethe pruning in exhaustive sear
h. These results were presented in [18℄.Theorem 2.2.13 v(n, w, k, w′) is the same for both asymmetri
 and unidire
tional
overing 
odes (though naturally v(n, w, k, w + i) = 0 in asymmetri
 
ontext for
1 ≤ i ≤ n− w).Proof Follows from the de�nition of v(n, w, k, w′) as well as the de�nitions of asym-metri
 and unidire
tional 
overage. �The values of v(n, w, k, w′) and 
onstant weight 
odes (or pa
king designs) are
losely related � espe
ially the value of A(n, d, w), whi
h is the maximum 
ardinalityof a 
onstant weight 
ode 
onsisting of 
odewords with weight w, length n andminimum distan
e d (that is, any two 
odewords in the 
ode di�er at least in d
oordinates). For extensive results on this fun
tion the reader is refer to [2, 5, 13℄.Theorem 2.2.14 v(n, k, w, w′) = k · v(n, 1, w, w′) for k ≤ A(n, 2(|w − w′|+ 1), w)Proof Follows from the de�nition of A(n, d, w). �Theorem 2.2.15 In unidire
tional 
ontext v(n, k, w, w′) = v(n, k, n− w, n− w′).Proof By symmetry. �Theorem 2.2.16 v(n, k + 1, w, w′) ≤ k+1

k
· v(n, k, w, w′).



2.2 Asymmetri
 and Unidire
tional Covering Codes 10Proof Assume v(n, k + 1, w, w′) > k+1
k
· v(n, k, w, w′). Let C be the 
ode attaining

v(n, k + 1, w, w′). There must be a 
odeword c ∈ C, that solely 
overs at most
1

k+1
v(n, k + 1, w, w′) words. Then the 
ode C\{c} would 
over

v(n, k + 1, w, w′)−
1

k + 1
v(n, k + 1, w, w′) > (

k + 1

k
−

k + 1

k

1

k + 1
)v(n, k, w, w′)words and therefore attain a higher value for v(n, k, w, w′), whi
h is a 
ontradi
tion.

�Theorem 2.2.17 Let k = A(n, 2(|w−w′|+1), w)+i with i ≥ 1. Then v(n, k, w, w′) ≤
k · v(n, 1, w, w′)− i.Proof For i = 1 the theorem follows from the de�nition of A(n, d, w). For i > 1follows from Theorem 2.2.16. �



Chapter 3Integer ProgrammingInteger programming is a traditional and mathemati
al way to approa
h the 
ombi-natorial optimization problem at hand. We are not interested how to a
tually solveinteger programming problems, but how to formulate useful integer programmingproblems � problems that are solvable in reasonable time and whose solutions wouldstill provide some useful information for improving the lower and upper bounds of
D(n, R) and E(n, R). There are many general integer (and linear) programmingproblem solvers around, from whi
h we used GLPK [10℄.3.1 General InformationInteger programming (IP) problems, like linear programming (LP) problems, 
onsistof an obje
tive fun
tion, gz(), whi
h is either minimized or maximized, and a set of
onstraints, gi(), that must be satis�ed. The distin
tive point of an IP problem isthat all the variables xi must be integers � if only some variables are required to beintegers, then the problem is 
alled mixed integer programming (MIP) problem:Min (or Max)Z = gz(x1, x2, . . . , xn)Subje
t To:

gi(x1, x2, . . . , xn)
{
≤
=
≥

}

bi, i ∈M ≡ {1, 2, . . . , m}

xj ≥ 0,
xj is an integer,

j ∈ N ≡ {1, 2, . . . , n}Many of the 
ombinatorial optimization problems 
an be formalized as IP prob-lems and solved with any general IP problem solver. Integer programming is wellknown and a hard-studied-part of mathemati
s � partly be
ause the pra
ti
al ap-pli
ations for e�
ient IP problem solver are numerous and partly be
ause e�
ientalgorithms for solving LP problems are known (like simplex method). The disap-pointing thing is, that solving IP problems is hard � mu
h harder than solving LPproblems. This seems a bit 
ontroversial, sin
e the sear
h spa
e for LP problems11



3.2 Integer Programming Problems 12seems to be larger, but the integer 
onstraint breaks down the properties, whi
henable e�
ient solving of LP problems. Usually an exhaustive sear
h must be per-formed to get an optimal solution to an IP problem. For more information on integerprogramming the reader is referred to [23℄.3.2 Integer Programming ProblemsInteger programming has been used for asymmetri
 
overing 
odes in [3, 7℄ and forunidire
tional 
overing 
odes in [18℄. We use supers
ripts + and ± to distinguishbetween asymmetri
 and unidire
tional formulations of the integer programmingproblems.The 
overing 
ode problem 
an be formulated as integer programming problemdire
tly and then solved, but this approa
h is feasible only for small problems (thatis, for n ≤ 7 or 8). We refer this dire
t formulation as IPexa
t(n, R) � see IP Prob-lem 1, where bi = 1 only if i (de
imal form) is a 
odeword and S(i) is the set ofwords that 
over the word i. IPexa
t(n, R) 
an be relaxed and solved as linearprogramming problem to get an lower bound on D(n, R) or E(n, R), but the boundobtained by this way is not very good.IP Problem 1 IPexa
t(n, R)Min Z =
2n−1∑

i=0

biSubje
t To:
1 ≤

∑

j∈S(i)

bj , where 0 ≤ i < 2n

bi ∈ {0, 1}, where 0 ≤ i < 2n,
There are more indire
t ways to use integer programming to get some usefulinformation of the problem. One su
h way, used in [7℄, is to group together the
odewords with the same weight (instead of thinking individual 
odewords) andthen 
onsider, how many other words of 
ertain weight 
an k 
odewords with weight

w at most 
over: one w-weighted 
odeword 1+-
overs (
w
0

) words of weight w and (
w
1

)words of weight w−1. If there are k 
odewords with weight w, they 
over at most ktimes as many words as single 
odeword � this approa
h results in IPsphere(n, R),see IP Problem 2, where sw is the number of w-weighted 
odewords.IPsphere(n, R) is very 
ompa
t formulation and very fast to solve (only n + 1variables and n + 1 
onstraints). The lower bound a
hieved by solving IPsphere



3.2 Integer Programming Problems 13IP Problem 2 IPsphere(n, R)Min Z =

n∑

w=0

swSubje
t To:
(

n

w

)

≤ sw +

R∑

r=1
0≤w+r≤n

sw+r

(
w + r

r

)

only in unidire
tional 
ase
︷ ︸︸ ︷

+

R∑

r=1
0≤n−w+r≤n

sw−r

(
n− w + r

r

)

,where 0 ≤ w ≤ n

sw ∈ {0, 1, 2, . . . ,

(
n

w

)

}, where 0 ≤ w ≤ n,

seems to be better than the one attained by solving LP version of IPexa
t, but thelower bound a
hieved this way is not very tight.However, the formulation ignores the fa
t, that at some point the 
overages of
odewords must overlap. By taking this into a

ount improvements 
an be intro-du
ed. One approa
h, taken in [18℄, is to study 
onstant weight 
odes and how mu
htheir 
overages overlap, and then in
lude the information about the overlaps into theinteger programming problem. This approa
h needs few auxiliary fun
tions, last(w)and v(n, w, k, w′), and it leads in IPadv(n, R) � see IP Problem 3, where sw,k = 1exa
tly when there are k 
odewords of weight w; last(w) is the maximal number of
odewords with weight w; and v(n, w, k, w′) is the maximal number of w′-weightedwords that 
an be 
overed with k 
odewords of weight w.IPadv(n, R) produ
es slightly better lower bounds than IPsphere(n, R) whilestill being solvable also for larger problem instan
es. Solving the values (or bounds)of v(n, w, k, w′) is dis
ussed in Se
tion 4.2 (whereas some theoreti
al results weredis
ussed already in Se
tion 2.2.3).An upper bound for last(w) for spe
i�
 problem and for the assumed minimal
ardinality of a 
overing 
ode 
an be attained by modifying IPsphere a little: addinga 
onstraint for spe
ifying the 
ardinality of the 
ode
M =

n∑

w=0

sw,where M is the lower bound for the problem; and 
hanging the obje
tive fun
tionto Max Z = sw′,
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IP Problem 3 IPadv(n, R)Min Z =
n∑

w=0

last(w)
∑

k=1

k · sw,kSubje
t To:
(

n

w

)

≤

last(w)
∑

k=1

k · sw,k

+
R∑

r=1

last(w+r)
∑

k=1

v(n, w + r, k, w) · s(w+r),konly in unidire
tional 
ase
︷ ︸︸ ︷

+
R∑

r=1

last(w−r)
∑

k=1

v(n, w − r, k, w) · s(w−r),k,where 0 ≤ w ≤ nlast(w)
∑

k=1

sw,k ≤ 1, where 0 ≤ w ≤ n

sw,k ∈ {0, 1}, where 0 ≤ w ≤ n and 1 ≤ k ≤ last(w),



3.2 Integer Programming Problems 15where 0 ≤ w′ ≤ n. This modi�ed (denoted with an additional subs
ript last)formulation is then solved for ea
h 0 ≤ w′ ≤ n to get upper bounds on last(w) for all
0 ≤ w ≤ n. Note that if the lower bound for the 
urrent problem is improved, thenthe values of last(w) must be solved again (sin
e the assumed minimal 
ardinality
M has 
hanged).Similar modi�
ations 
an be done to IPadv, i.e. 
hange the obje
tive fun
tionto MaxZ =

last(w′)
∑

k=1

k · sw′,kand add the 
onstraint
M =

n∑

w=0

last(w)
∑

k=1

k · sw,k,to get a bit tighter upper bounds for last(w).In Se
tion 2.2.1 we introdu
ed φ(n, R) as the maximum total number of 0s in aminimal (n, K)+R 
ode, but nothing was mentioned about how to solve it. IP Prob-lem 4 (in whi
h sw is the number of w-weighted 
odewords) was de�ned in [7℄ tosolve an lower bound on φ(n, R), but we 
an do a bit better by using the idea inIPadv and adding a 
onstraint to �x the 
ardinality of the 
ode to the 
urrent lowerbound on D(n, R). These improvements lead to IPadv:φ(n, R)+ � see IP Problem 5,where sw,k = 1 exa
tly when there are k 
odewords of weight w; last(w) is the max-imal number of 
odewords with weight w; v(n, w, k, w′) is the maximal number of
w′-weighted words that 
an be 
overed with k 
odewords of weight w; and K is the
ardinality of a minimal +(n, R) 
ode (i.e. the lower bound on D(n, R).IPadv 
an be used with Theorem 2.2.3 to improve several lower bounds on
D(n, R). The di�eren
es are demonstrated later in Se
tion 7 in Table 7.1.Theorem 3.2.1 IPsphere:φ(n, R)+ and IPadv:φ(n, R)+ give a lower bound on φ(n, R).Proof Sin
e the total number of 0s is minimized in both formulations, the solutionsto these formulations are less than or equal to φ(n, R). �



3.2 Integer Programming Problems 16IP Problem 4 IPsphere:φ(n, R)+Min Z =

n∑

w=0

sw(n− w)Subje
t To:
(

n

w

)

≤ sw +

R∑

r=1
0≤w+r≤n

sw+r

(
w + r

r

)

,where 0 ≤ w ≤ n

sw ∈ {0, 1, 2, . . . ,

(
n

w

)

}, where 0 ≤ w ≤ n,

IP Problem 5 IPadv:φ(n, R)+Min Z =

n∑

w=0

last(w)
∑

k=1

k · sw,k(n− w)Subje
t To:
(

n

w

)

≤

last(w)
∑

k=1

k · sw,k

+

R∑

r=1

last(w+r)
∑

k=1

v(n, w + r, k, w) · s(w+r),kwhere 0 ≤ w ≤ n

K =

n∑

w=0

last(w)
∑

k=1

k · sw,klast(w)
∑

k=1

sw,k ≤ 1, where 0 ≤ w ≤ n

sw,k ∈ {0, 1}, where 0 ≤ w ≤ n and 1 ≤ k ≤ last(w),



Chapter 4Exhaustive Sear
hFor some di�
ult problems integer programming resembles an exhaustive sear
h,whi
h would in the worst 
ase end up to enumerate all possible solutions. The integerprogramming problem solvers are very general, and all available problem spe
i�
information 
annot be in
orporated into integer programming problem, thus themost e�
ient way to prune hopeless solutions are not used. So one might 
onsiderdoing a problem spe
i�
 exhaustive sear
h algorithm, whi
h takes full advantage ofthe available information and therefore � hopefully � will be able to solve a bit largerproblems. A su
h exhaustive sear
h was implemented in [18℄ and will be des
ribedin detail here. But before going into exhaustive sear
h, we dis
uss graph (
ode)isomorphism.4.1 Graph IsomorphismOne rather powerful method for pruning out 
odes with equal properties is graphisomorphism and it has been used, for instan
e, in [19℄. A graph isomorphism is abije
tion between the verti
es of two graphs G and H :
f : V (G)→ V (H)with the property that any two verti
es u and v from G are adja
ent if and only if

f(u) and f(v) are adja
ent in H . If an isomorphism 
an be 
onstru
ted betweentwo graphs, then we say those graphs are isomorphi
 (i.e. if there exists a way torelabel the vertexes of the other graph, so that the two graphs be
ome identi
al,then the graphs are isomorphi
).Example Some samples of graph isomorphisms are shown in Figure 4.2:a) All these three graphs are the same 
omplete graph K4 (
omplete graph hasan edge from every vertex to every other vertex), and they are naturally isomorphi
.It does not matter how the graphs are drawn.b) These two graphs look pretty mu
h alike � and indeed they are isomorphi
,sin
e there is a way to relabel them to look identi
al: 1↔ 4 and 2↔ 3.17
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h Implementation 18
) These two graphs represent two asymmetri
 1-
overing 
odes on Z3
2 � namely,
odes {2, 5, 7} and {3, 4, 7}. Again these graphs are isomorphi
 (and equivalent intheir 
overing properties): relabeling 2↔ 4 and 3↔ 5 make graphs identi
al.

c)a)

b)

1

3 4

2

0

1

3

4

6

0

1 2

5 6

1 2
3

4

1 2

3 4

1 2

3

4 1 3 4

2

7 7

5

2

3

4

Figure 4.1: Samples of graph isomorphismThe interesting question here is, how to represent the 
odes as graphs. One 
ould
onstru
t graphs from the whole spa
e Zn
2 with the 
odewords, but this is rather
umbersome (the graphs and the 
omputational e�ort for 
he
king isomorphismsbe
ome large). A 
leverer way is to observe the 
odewords and their relations to the
oordinates, in whi
h they have 1. One (and nearly the standard) way to do this inpra
ti
e is to 
onstru
t a bigraph, so that the one side has the 
oordinates and theother has the 
odewords. There is an edge between a 
oordinate and a 
odeword, ifthe 
odeword has 1 in that 
oordinate.Example In Figure 4.2 we show, that the two asymmetri
 1-
overing 
odes on Z3

2in previous Figure 4.1 are indeed isomorphi
. The 
oordinate values (1, 2 and 4)as well as the 
odewords (sum of the 
oordinate values) are in
luded in the �gurefor 
larity, but they are not ne
essary for determining the isomorphism. A way torename the graph vertexes is as follows:a) relabeling 
odewords: b↔ c,b) relabeling 
oordinates 2↔ 4 (and re
al
ulating 
odewords) and
) redrawing the graph gives the wanted out
ome → graphs 
onstru
ted from
odes {2, 5, 7} and {3, 4, 7} are isomorphi
, and so are the 
odes.4.2 Exhaustive Sear
h ImplementationExhaustive sear
h tend to be somewhat looked down by mathemati
ians and 
om-puter s
ientist alike, for the idea of using brute for
e to solve the problem insteadof developing a mathemati
ally valid and elegant solution to the problem. How-ever, �brute for
ing� seems to be the only way for some problems, at least for now
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c)

b)

a)
7 5 2 7 4 3

4 2 1 4 2 1

a b c a b c

a c b a c b

2 4 1 4 2 1

7 2 5 7 4 3Figure 4.2: A 
ode isomorphism example� besides, 
omputers be
ome more and more able to do powerful 
al
ulations, sowhy not to use this resour
e. The philosophy and issues of exhaustive sear
h aredis
ussed in [15℄.We use exhaustive sear
h for two di�erent, but related, matters: for solving
v(n, w, k, w′), Algorithm 1, and for proo�ng non-existen
e of spe
i�
 
ode, Algo-rithm 2. Both of these algorithms are breadth-�rst sear
hes, whi
h makes themrather simple and fast, although rather memory-
onsuming (whi
h limits the usagefor those problems, in whi
h the pruning works well).Example See Figure 4.3 to follow the exhaustive sear
h pro
ess, in whi
h we aresolving the lower bound on E(7, 2), whi
h 
an naturally be done also by solvingIPexa
t(7, 2)±.We begin by solving IPsphere(7, 2)±, whi
h give us a lower bound of E(7, 2) > 6� next we try to improve it. First we use IPsphere:last(7, 2)± to �nd out upperbounds on last(w) assuming that K is the 
urrent lower bound (i.e. K = 7). Nextwe solve ne
essary (needed by IPadv and Algorithm 2) values of v(7, w, k, w′) withAlgorithm 1 � and if some values 
ould not be solved, then those values are upperbounded with Theorems 2.2.16 and 2.2.17.Next we solve IPadv(7, 2)± to see, whether the 
urrent lower bound 
ould beimproved dire
tly (were not so lu
ky with our example). We 
ontinue by (prob-ably) improving the upper bounds on last(w) with IPadv:last(7, 2)±. We pro
eedby generating all possible weight distributions of possible 
overing 
odes (with 
ar-dinality of the 
urrent lower bound) and 
he
king those weight distributions withAlgorithm 2, whi
h generates all 
overing 
odes of given weight distribution. Sin
eno 
overing 
odes are generated, we 
an 
on
lude that there are none (and therefore
E(7, 2) > 7).



4.2 Exhaustive Sear
h Implementation 20Algorithm 1 Exhaustive sear
h for solving v(n, w, k, w′) for k = 1, 2, . . . , last(w)Require: 0 ≤ w ≤ n, 0 < n and 0 < last(w) <=
(

n
w

)1: current← newHashtable()2: insertInto(current,emptyCode())3: k ← 04: while !endingCriteria() and k ≤ last(w) do5: future← newHashtable()6: for all C ∈ current do7: for all v ∈ wordsWithWeight(w) do8: skip if alreadyInCode(C,v)9: C ′ ← 
anonize(C + v)10: insertIntoIfNotAlreadyThere(future,C ′)11: end for12: end for13: printMaxCoverages(future)14: swap(future,current)15: k ← k + 116: end whileEnsure: Maximal 
overages have been printedThis pro
ess 
an be used iteratively to improve the lower bound even further tilleither the upper bound is met (i.e. 
overing 
odes are generated) or (very likely)the exhaustive sear
h be
omes too exhaustive for the algorithm to handle.Few notes about the algorithms:Hashtable(): An implementation of an open ended hash table. Usually a good sizefor a hash table is a prime number not too 
lose to the powers of 2 � we used9973 as hashSize. For the hashing fun
tion we used 
anonized graph (G) andthe following fun
tion (vertexes are 0, 1, 2, . . . ):
hash← 0
shift← 0for all vertex ∈ G dofor all e ∈ endVerti
esOfEdges(vertex) do

hash← hash + (e << shift))
shift← (shift + 1) mod 8end forend forreturn hash mod hashSizeReason for using hash table is that hash table is a data stru
ture with (onaverage) a 
onstant time needed for retrieval, insertion and deletion operations� that is, of 
ourse, only if the hash table is large enough and the hashingfun
tions distributes the items evenly all over the hash table.
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Algorithm 2 Exhaustive sear
h for non-existen
e proofsRequire: ∑n
i=0 weights[i] = K; 0 ≤ weights[i] ≤

(
n
i

) for 0 ≤ i ≤ n; 0 < n;1: current← newHashtable()2: insertInto(current,emptyCode())3: w ← n4: while 0 ≤ w do5: while 0 < weights[w] do6: weights[w]← weights[w]− 17: future← newHashtable()8: for all C ∈ current do9: for all v ∈ wordsWithWeight(w) do10: skip if alreadyInCode(C,v)11: skip if 
anNotBeCoveringCode(C + v,weights)12: C ′ ← 
anonize(C + v)13: insertIntoIfNotAlreadyThere(future,C ′)14: end for15: end for16: swap(future,current)17: end while18: w ← w − 119: end while20: printCodes(current)Ensure: weights[i] = 0 for 0 ≤ i ≤ n;
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last(6)=2
last(5)=4
last(4)=0
last(3)=0
last(2)=4
last(1)=2
last(0)=1

last(7)=1

If K=7, then

4
0
0
0
0
0
0
0

5
2
2
2
1
2
2
2

3
0
0
0
0
0
0
0

1
1
1
1
1
1
0
1

2
2
2
2
2
1
2
2

0
1
1
1
1
1
1
0

7
1
0
1
1
1
1
1

6
1
1
0
1
1
1
1

last(6)=1
last(5)=2
last(4)=0
last(3)=0
last(2)=2
last(1)=1
last(0)=1

last(7)=1

Known now:
v(7,7,1,7..5)
v(7,6,1..2,7..4)
v(7,5,1..4,7..3)

v(7,1,1..2,3..0)
v(7,0,1,2..0)

v(7,2,1..4,4..0)

w
last(w)
choosing
7 within
last(w)

If K=7, then

Construct a code of given
weight distribution

Algorithm 2:

Algorithm 1:
solve necessarely

v(7,w,k,w’)

If necessarely,
use theorems to solve

Generate all
possible weight
distributions

v(7,w,k,w’)

No 
overing 
ode
⇒ E(7, 2) > 7

IPsphere:last(7, 2)±IPsphere(7, 2)±
E(7, 2) > 6IPadv(7, 2)±IPadv:last(7, 2)±

Figure 4.3: An exhaustive sear
h exampleWe 
hose this hash fun
tion for not any parti
ular reason, it just seemed toprodu
e hash values su�
iently well s
attered around the hash table � thereprobably is still room for improvement for both the e�
ien
y and goodness ofthe de�nition (i.e. how fast the hash value 
an be 
al
ulated and how evenlythe hash values are s
attered around the hash table). Note that the vertexesand edges are always (and should be) gone trough in the same order.endingCriteria(): We used the total number of generated distin
t (non-isomorphi
)graphs, J , as the ending 
riterion. With a large problem and too large J thealgorithm demands more memory than available, whi
h results in unsu

ess-ful run. The proper value (as large as possible) for J depends on n and w(i.e. the larger (
n
w

) is, the smaller the largest value of k 
an be). In pra
ti
e
v(n, w, k, w′) 
an be solved for 4 ≤ k ≤ 16 with Algorithm 1 (with J varyingbetween 4000 and 200000).
anonize(): This refers to labeling the graph 
anoni
ally (
anoni
al labeling is thesame for all isomorphi
 graphs). We used nauty [14℄ do to the 
anoni
allabeling � see [14,22℄ and their referen
es for more information on the subje
t.printMaxCoverages(): The thing to be noti
ed here is that the maximal 
overageprinted is not a 
overage of a single 
ode, but the maximum number of wordsof 
ertain weight that 
an be 
overed with a 
ode. It 
ould happen, that there
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h 23does not exist a single 
onstant weight 
ode (with weight w and 
ardinality k)attaining the values of v(n, w, k, w′) for di�erent w′.
anNotBeCoveringCode(C, array weights): This method 
he
ks the a
tual 
ov-erage � i.e. how many words of di�erent weights are 
overed � of already as-signed 
odewords (C) and sums (over the weights) it up with the upper boundof possible 
overage of unassigned 
odewords (weights), whi
h is obtained byusing v(n, w, k, w′) values. If the sum shows that a partial 
ode 
annot be a
overing 
ode, then the partial 
ode 
an be dis
arded.It is not 
lear, whether it is faster to prune 
odes �rst by isomorphism andthen by 
overage upper bound or in the other way around � it depends onthe problem instan
es. However, the di�eren
e between pruning order is notsigni�
ant (typi
ally the running times di�er by few per
ents).4.3 Comments on Exhaustive Sear
hThe 
omment is about the order, in whi
h the 
odewords are �xed by the exhaustivesear
h algorithm. The thing to keep in mind here is, that to make the pruning moree�
ient we would want to �x 
odewords 
lose ea
h other so that their 
overagesoverlap as mu
h as possible (better sooner than later). In Algorithm 2 the 
odewordsto be �xed are sele
ted in a predetermined order � i.e. �rst the 
odeword with weight
n, then 
odewords with weight n− 1, and so on.This is a good approa
h with asymmetri
 
overing 
odes, sin
e the 
odewordswith more weight R+-
over more words that 
odewords with smaller weight andpro
eeding the 
onstru
ting in order brings forward the 
overage overlaps as soonas possible. With unidire
tional 
overing 
odes the approa
h is safe but not thebest: for some weight distributions the exhaustive sear
h 
ould be performed a lotfaster by �xing the 
odewords in reverse order (i.e. starting from weight 0). Forexample, when using exhaustive sear
h to show E(10, 3) > 13 it would take about3000 se
onds to go trough all weight distributions for either order � but if a �
orre
t�
hoi
e of the order is made for ea
h weight distribution, the time ne
essary is onlyabout 300 se
onds.Even though the performan
e of the exhaustive sear
h 
an be optimized bysele
ting a 
orre
t order for �xing 
odewords, this ordering does not greatly improvethe 
apability of the exhaustive sear
h algorithm (i.e. 
orre
t order does not helpto improve the lower bounds, it just makes the algorithm run a bit faster). Theobservation, that the hardest weight distributions to go trough with the exhaustsear
h algorithm tend to be symmetri
 weight distributions, is also noteworthy.The next logi
al step from performing an exhaustive sear
h is to make an greedyalgorithm of it � instead of performing an exhaustive sear
h, we now sele
t P mostpromising partial 
odes for further development and dis
ard the rest (note that if
P is su�
iently large, then this greedy algorithm would perform exa
tly like an
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h 24exhaustive sear
h). We tried this approa
h as well, and we found out that thede�nition of �tness fun
tion (will be de�ned in Se
tion 5.2.1) did not work wellwith this greedy approa
h, whi
h is not that surprising after all. So we de
ided tolook into other properties of the partial 
odes as well, like the amount of overlaps,average times (and varian
e) a single word was 
overed as well as some other moreexoti
 properties. Adding these properties with manually tweaked 
oe�
ients to the�tness fun
tion we managed to improve the performan
e (greedy algorithm founda 
overing 
ode with 
onsiderably smaller P ). However, this approa
h was testedonly on few smaller problem instan
es and rather brie�y, so we 
an not at this stageprovide anything 
on
rete about the subje
t.



Chapter 5Tabu Sear
hIn this se
tion we give some general information about lo
al sear
h methods and howthey 
an be applied to 
overing 
ode problems. We 
on
entrate our e�ort on tabusear
h, a relatively new lo
al sear
h method, whi
h has been used quite su

essfullywith many 
ombinatorial problems.5.1 Lo
al Sear
hWhat we want to do is to improve the upper bounds on D(n, R) and E(n, R) � andone way to do it is to 
onstru
t expli
it 
overing 
odes by a lo
al sear
h method. Ameta heuristi
 means a method, that 
an be implemented and used rather easily withdi�erent type of problems. Simulated annealing, tabu sear
h and geneti
 algorithmsare 
onsidered to be meta heuristi
s. Some 
onsider neural networks also as a metaheuristi
, but implementing an neural network algorithm for a arbitrary problem isnot as straightforward as with the (other) meta heuristi
s. The 
ommon fun
tionsshared all lo
al sear
h methods are the neighborhood fun
tion, that de�nes whi
hwords are 
lose to ea
h other, and the �tness fun
tion, that tells how good the 
odesare. More information about di�erent meta heuristi
s and lo
al sear
hing in general
an be found in [1, 20℄.The basi
 idea in simulated annealing is that there is a 
urrent solution, whi
h isaltered. The algorithm keeps a global temperature, whi
h de
reases with time. Thetemperature together with the �tness fun
tion des
ribes the probability, how likelya solution in the neighborhood is sele
ted. The hope is that the solution stabilizes(with a low temperature the probability for a

epting a worse solution is very small)into a very good solution. Mathemati
ally speaking simulated annealing is ratherappealing 
hoi
e, sin
e it has been proven in [24℄ to 
onverge to global optimum.However, in pra
ti
e the 
onditions in whi
h the 
onvergen
e to a global optimum
an be guaranteed to happen, are too stri
t.Geneti
 algorithms uphold a set of solutions, a population, from whi
h parent(usually two) solutions are pi
ked and then 
ombined with 
rossover operations.Along with 
rossover operations there are mutation operations, whi
h alter individ-25



5.1 Lo
al Sear
h 26ual solutions a bit. The idea is to sele
t the parents randomly, but giving goodsolutions a better 
han
e to be
ome parents. Then the 
rossover operation produ
esnew solutions, 
hildren, whi
h are hopefully better than their parents (thus 
ombin-ing the good parts of their parents). The mutations are ne
essary to introdu
e �newgeneti
 material� into the population, so that the population would not stagnateinto a lo
al optimum.There are not many papers (if at all) within 
oding theory, in whi
h geneti
algorithms were applied. The reason is probably the fa
t, that even though it doesintuitively seem a very promising idea to 
ombine two good 
odes in some meaningfulway in order to produ
e a bit better 
odes, it seems to be very hard to 
ome up withgood 
rossover operations � the good qualities of 
odes seem to get broken downrather easily.We did a simple implementation (see Algorithm 3 for a generi
 geneti
 algorithm)of a geneti
 algorithm with following parameters: the 
odes were assumed to havea 
ertain weight distribution and 
ardinality; the 
rossover operation 
ombined two
odes, C1 and C2, produ
ing also two 
odes by sele
ting a 
ut weight wc, above whi
hthe 
odewords were pi
ked of C1 and below whi
h the 
odewords were taken from C2(and vi
e versa); mutation operation 
hanged a 
odeword of weight w into another
odeword of the same weight. This simple implementation produ
ed better 
odesthan just 
onstru
ting 
odes randomly, but it was no way near the performan
e oftabu sear
h or simulated annealing.Algorithm 3 A generi
 geneti
 algorithm1: pop =initialPopulation()2: while (!
overingCode(pop) and !endCriterion()) do3: newPop← emptyPopulation()4: while !populationFull(newPop) do5: parents← sele
tParents(pop)6: newPop← newPop + produ
eChildren(parents)7: end while8: end whileWe also did some preliminary testing with simulated annealing, see Algorithm 4for a generi
 simulated annealing algorithm, using the same neighborhood fun
tionas tabu sear
h � see Se
tion 5). The di�eren
e between the a
tual results (how small
overing 
odes were found) with simulated annealing and tabu sear
h were not thatbig. A

ording to these preliminary tests it is impossible to say, whether tabu sear
his superior to simulated annealing or is it the other way around.Formal 
onstru
tions, whi
h were dis
ussed in Se
tions 2.2.1 and 2.2.2, are moreappealing in the sense, that they tell something general about the 
odes. In 
ontrast�nding few separate 
odes using lo
al sear
h algorithms does not seem to be asolution to the general problem � but 
odes found this way may prove be ratheruseful, when designing new better 
onstru
tions for 
overing 
odes.
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h 27Algorithm 4 A generi
 simulated annealing algorithm1: T =initialTemperature()2: C =initialGuess()3: while (!
overingCode(C) and !endCriterion()) do4: Sele
t C ′ ∈ N (C) randomly5: r ← random(0, 1)6: if r < e(F(C′)−F(C))/T7: then C ← C ′8: T ← updateTemperature(T )9: end while5.2 Tabu Sear
hTabu sear
h is a lo
al sear
h method, that 
an be though of as a variation on thetheme of steepest as
ent, i.e. hill-
limbing algorithm. In a default hill-
limbingalgorithm the best solution in the neighborhood is 
hosen as the 
urrent solution.The sear
h ends when no more improvements 
an be made � that is, when a (lo
al)optimum is en
ountered.The idea behind the tabu sear
h is to 
ombine a hill-
limbing algorithm (whi
hgoes towards optima very rapidly) with a lo
al optimum es
ape me
hanism. Still thebest solution in the neighborhood is sele
ted, but it may be worse than the 
urrentsolution. This allows the algorithm to es
ape from the lo
al optima. However,without any other modi�
ations there is quite a big 
han
e, that the algorithm wouldnext sele
t the lo
al optimum again and end up looping between few solutions. Theadditional alteration is to ban the algorithm from reentering the (re
ently) visitedsolutions, and this me
hanism is a 
alled tabu list.Tabu sear
h was dis
overed in 1970s and rea
hed its 
urrent form in the late1980s. The intriguing part of tabu sear
h is, that though no 
lean proof of its
onvergen
e to global is known (there are few proofs for tabu sear
h variants, whi
hmight be 
loser to simulated annealing than tabu sear
h), the algorithm has shownremarkable performan
e. The reader is referred to [11, 21℄ and their referen
es forfurther information on tabu sear
h.We 
hose tabu sear
h to be our lo
al sear
h method. The de
ision was mainlybased on earlier results with tabu sear
h [16℄ as well as some preliminary testing ofour own. In our implementation we �x the 
ardinality of the 
ode in the beginning,i.e. we modify the 
odewords in order to get a 
overing 
ode. A 
ode for a generi
tabu sear
h algorithm is shown in Algorithm 5.Example A short example about tabu sear
h is shown in Figure 5.1: Initial 
odewas 
onstru
ted randomly. A step in the algorithm has following stru
ture: a stepbegins with sear
hing the un
overed word (to be 
overed) lexi
ographi
ally � and 6is the �rst un
overed word en
ountered. Next the neighborhood is determined: ifany of the words 6, 7 or 14 would be a 
odeword, then the word 6 would be 
overed.
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h 28Algorithm 5 A generi
 tabu sear
h algorithm1: C =initialGuess()2: while (!
overingCode(C) and !endCriterion()) do3: Sele
t C ′ ∈ N (C)\T () so that F(C ′) ≤ F(C ′′) for all C ′′ ∈ N (C)\T ()4: updateTabuList(C, C ′)5: C ← C ′6: end whileSo the neighborhood is a Cartesian produ
t of 
odewords and 6, 7 and 14 (and thesize of the neighborhood is 6 · 3 = 18). The entire neighborhood is sear
hed trough,and there are six di�erent 
hanges that seem equally good (resulting in 
odes with
F() = 3) � one of them is pi
ked randomly (here the 
hoi
e is 5 → 7). Now onestep is 
ompleted and the next step 
an begin (determine the un
overed word, 13;determine the neighborhood, {0, 3, 7, 8, 11, 12}×{13, 15}; and sele
t the next 
hangefrom the most promising ones {0 → 15, 8 → 15}, whi
h is not tabu � unless theperspiration 
riteria allows the 
hange). Either of the 
hanges result in a 
overing
ode, so no need to use the tabu list a
tually arose during this example.

Word to be
covered next

Codeword, that
is in tabu list

changes
The best

(seemingly)

Covered

Uncovered

Codeword

Neighborhood

Step 2Step 1 15
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Figure 5.1: A tabu sear
h example



5.2 Tabu Sear
h 295.2.1 Fitness Fun
tionThe �tness fun
tion, F(), is a very 
ru
ial part of any lo
al sear
h method. Thebetter the �tness fun
tions is the more it dire
ts the lo
al sear
h to the 
orre
tdire
tion, i.e. global optimum (here, towards a 
overing 
ode). And if the �tnessfun
tion dire
ts the sear
h towards a valid solution fast, even better. However,de�ning su
h a ni
e �tness fun
tion for the global s
ope is hard, if not impossible,so one has to settle to examine the lo
al s
ope.Other ni
e quality � or maybe even a requirement � for �tness fun
tion is thatit is 
omputable with as little e�ort as possible: either the �tness fun
tion 
an be
al
ulated very fast from the s
rat
h, or the 
urrent �tness value 
an be updatedqui
kly a

ording to the 
hanges made.The �tness fun
tion we will use is a rather obvious one, the total number of wordsnot 
overed by the 
urrent solution (
ode) C. This de�nition is rather intuitive andhas the ni
e property, that C is a 
overing 
ode only if F(C) = 0. Furthermore,when 
omparing two 
odes, the one with smaller F() value 
an be 
onsidered better,simply be
ause it 
overs more words and is 
loser, in some sense, to a 
overing 
ode.The value of this �tness fun
tion 
an be updated e�
iently by keeping tra
k of howmany times words are 
overed (array cov[]):Require: cov[] is array of words, so that cov[i] tells the number of times the word iis 
overed. C is the 
urrent 
ode and the 
hange c→ c′ (c ∈ C,c′ /∈ C) is aboutto take pla
e. The 
hange 
aused to the 
urrent �tness value is ∆F1: ∆F = 02: S ← set of words R-
overed by c3: for all i ∈ S do4: cov[i]← cov[i]− 15: if cov[i] = 0 then ∆F ← ∆F + 16: end for7: S ← set of words R-
overed by c′8: for all i ∈ S do9: if cov[i] = 0 then ∆F ← ∆F − 110: cov[i]← cov[i] + 111: end for12: C ← (C − c) + c′13: return ∆F5.2.2 Comments on Fitness Fun
tionWhen 
omparing two 
odes one has to be a bit 
areful. It would be easy to say thatthe 
ode with smaller F() value is better (it does 
over more of the spa
e and hen
ewould be �
loser� to a 
overing 
ode), but is hard to say, whi
h 
ode really is better(i.e. has a better potential to be modi�ed into a 
overing 
ode). For example a 
ode
C with F(C) = 1 sure seems to be a promising 
ode (only one un
overed word), but



5.2 Tabu Sear
h 30it does no good if there is no way to make that (apparently so small) 
hange to make
C a 
overing 
ode (i.e. C is a lo
al optima for the used lo
al sear
h method, and itis so steep that the lo
al sear
h method 
an not get out of it). Maybe some othermu
h worse (in F() sense) 
ode would have a mu
h better stru
ture and would havethe true potential to be transformed into a 
overing 
ode.The above mentioned be
omes very apparent, if a 
ode is 
onstru
ted from as
rat
h, adding one 
ode word at a time and always greedily (minimizing F()). Asthe 
onstru
tion seems to go smoothly in the beginning, there are only bad left (thatdo not 
over that mu
h) left for the �nal 
odewords. It would probably have beenbetter to make some ungreedy 
hoi
es (or rede�ne F()) at some point, so that thepartial 
ode would have in some sense better stru
ture.5.2.3 Neighborhood Fun
tionThe de�nition of the neighborhood fun
tion, N (), is the other rather importantpart of any lo
al sear
h algorithm. The neighborhood de�nes the solutions (
odes)that are, in some sense, near the 
urrent solution. What would be desirable is thatthe neighborhood would 
ontain only the good solutions (solutions that are 
loserto a global optimum). The lo
al sear
h algorithms tend to take two approa
hesto the neighborhood: either all solutions in the neighborhood are 
he
ked (and theseemingly best is 
hosen) or a solution is pi
ked randomly until it is a

epted as the
urrent solution. For example the latter approa
h is adopted in simulated annealingwhereas the former is (usually) used with tabu sear
h algorithms.One other thing to noti
e is that the size of the neighborhood (at least with theformer approa
h) has a quite impa
t on the running time. So it would be desirablefor the neighborhood to be as small as possible � but not too small, sin
e that wouldrestrain the lo
al sear
h algorithm too mu
h and disable the algorithm from es
apinga lo
al optimum.We use the neighborhood that was introdu
ed to 
overing 
odes in [16℄. First anun
overed word is sear
hed lexi
ographi
ally, then all 
hanges, whi
h would 
overthat word, are said to be in the neighborhood. A 
hange is made and the nextun
overed word is sear
hed starting from the last one. What is ni
e with this de�ni-tion is that size of the neighborhood is almost 
onstant and that the neighborhoodne
essarily in
ludes 
hanges, whi
h 
an result into a 
overing 
ode (every word mustbe 
overed by a 
odeword). In addition implementing this neighborhood in pra
ti
eis straightforward.Another idea for neighborhood (mentioned in [16℄ too) is to use the same def-inition as above, but apply it to all un
overed words (instead of just one). Thisneighborhood be
omes very large and slows down the algorithm � and the gains arenot that great (for some problem instan
es the 
han
e of �nding a 
overing 
odein
reases a bit), but sometimes it might be worth of the extra running time.One more idea for neighborhood (introdu
ed in [17℄) is to 
onsider all un
overedwords and all the 
hanges that 
ould 
over them, with one additional 
ondition: for
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h 31a 
hange c→ c′ to be in the neighborhood, the Hamming distan
e between the oldand new 
odeword dH(c, c′) = 1. Although this de�nition produ
ed about as good
odes the �rst mentioned, it did it in lesser time. The downside for this de�nitionis that it is a bit more unstable, i.e. it works for asymmetri
 
overing 
odes, butfor unidire
tional (and normal) 
overing 
odes the �rst de�nition seems to performbetter.5.2.4 Comments on Neighborhood Fun
tionInstead of tweaking around the neighborhood, one 
ould also 
hange the problema bit temporarily, solve the modi�ed problem, and then 
hange the solution to themodi�ed problem ba
k into a solution to the original problem. Su
h an approa
hwas introdu
ed in [17℄ for asymmetri
 
overing 
odes, even though the approa
h wasnot investigated fully.The general idea goes as follows: The aim is to �nd a new re
ord-breaking 
odeattaining new upper bound on D(n, R), and the starting point is the previous re
ordbreaking 
ode C = (n, D(n, R))+R. First i 
oordinates are sele
ted randomly, letus say the last i 
oordinates (w.l.o.g.). The 
odewords having 1 in any of those
oordinates are 
onsidered to be �xed. Let the Ĉ ⊆ C be the set of 
odewords having0 in all those 
oordinates. Next a 
odeword is removed from Ĉ (randomly) and thealgorithm tries to 
hange the remaining 
ode into a 
ode 
overing almost all (someof them are 
overed by the �xed 
odewords) words of type (v1, v2, . . . , vn−i, 0, 0, . . . ).If this sear
h is su

essful and a Ĉ ′ is the new 
ode, then the 
ode C − Ĉ + Ĉ ′ is are
ord breaking 
overing 
ode on the original problem.Note that the sear
h a
tually takes pla
e in Zn−i
2 instead of Zn

2 . The advantagehere is, that when the problem be
omes smaller, it might be easier to solve it moree�
iently than the whole problem (for instan
e, use a larger neighborhood, thatwould be too large to be used with the original problem). The disadvantage is, of
ourse, the fa
t that part of the solution is �xed and the sear
h may be doomed tofail (the �xed part of the 
ode is simply not good enough).5.2.5 Tabu ListThe tabu list is the me
hanism, whi
h should enable tabu sear
h to es
ape fromlo
al optima and pro
eed towards better solutions � hopefully all the way to aglobal optimum. The idea is simple: keep the visited solutions in the memory anddo not visit them again � in pra
ti
e it is impra
ti
al to keep all visited solutionsin memory, so one has to settle either to subset of (re
ently) visited solutions orto some estimation of the visited solutions (i.e. not storing the a
tual solutions,but the 
hanges that were made re
ently). Hen
e the name �tabu list� 
omes fromthis list of banned solutions/
hanges. Sometimes a spe
ial 
ondition rise that wouldmake it sensible to ignore the tabu list. For example, if ignoring the tabu list wouldlead into a better solution than ever before, it might make sense to allow the 
han
e.
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h 32These spe
ial 
ir
umstan
es are handled with perspiration 
riteria.Our approa
h in this thesis is to keep a list of 
hanges in the solution, that is,on
e a word is 
hanged to a 
odeword it will not be 
hanged during the time it isin the tabu list � so this de�nition of tabu list has one parameter, tabu list size T ,whi
h tells how many steps of the algorithm a 
odeword remains in the tabu list.We used only one perspiration 
riterion: a 
hange is made whenever it leads to a
overing 
ode. This de�nition for tabu list was used, for instan
e, in [16, 18℄.One 
an (and should) always wonder, how good the de�nition above is. Our ownexperiments give the feeling, that even though for some problems instan
es thereare better de�nitions available (resulting in either slightly faster algorithm, slightlymore-likely-to-su

eed algorithm, or both), this de�nition is very general and worksrather well regardless the problem instan
e.For example, one other de�nition for tabu list was used in [17℄ (
ombined withneighborhood mentioned in the previous se
tion). It was de�ned as follows: A 
hange
c→ c′ is tabu, if c was 
hanged into c′ (or vi
e versa) during last T iterations.5.2.6 Ending ConditionThe trivial point to end sear
h is the point when a solution mat
hing some quality
riteria is found. With 
overing 
odes this would mean that a 
overing 
ode is found.But su
h a happy ending is not always possible (either no su
h 
ode exists, or itis too hard for the algorithm to �nd), so an another ending me
hanism should bein
luded. Here we give the algorithm the number of iterations, L, it 
an run withoutimproving the best (during the 
urrent sear
h) found solution. The motivation hereis to end the unfruitful sear
h as soon as possible. On the other hand, if thereseems to be happening even slight improvement, then the sear
h should be allowedto 
ontinue longer.One other approa
h would be to simply state the maximum number of itera-tions, during whi
h the algorithm is run (if it does not �nd a 
overing 
ode sooner).Whether this approa
h is inferior to the �rst mentioned is not that 
lear: for indi-vidual runs this may be so, but when running the algorithm over large number oftimes and 
omparing the a
tual su

essful runs (a 
overing 
ode was found) withrespe
t to running times, the results seem rather similar.5.2.7 Initial GuessThe initial guess, the 
ode from whi
h the algorithm starts the sear
h pro
ess, hasquite an impa
t on both running time and the probability of su

essful run whenusing tabu sear
h (in this respe
t tabu sear
h di�ers quite fundamentally � at leastin theoreti
al sense � from simulated annealing, sin
e the initial guess should notreally matter with simulated annealing [24℄).There are few ways to 
onstru
t the initial guess: The simplest way is to 
reateit randomly. The problem with this approa
h is that the initial 
ode is not very
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D(n, R) E(n, R)

R\n 7 8 9 10 11 12 13 7 8 9 10 11 12 131 X X X X X X X X X X2 X X X X X X X X3 X X X X X X X X X4 X X X X X X X X X X X5 X X X X X X X X X X X X X6 X X X X X X X X X X X X X X7 X X X X X X X X X X X X X XTable 5.1: The impa
t of initial guess
lose to a 
overing 
ode (i.e. neighborhoods based on all un
overed words are large)and with larger 
odes the sear
hes tend to get stu
k into lo
al optima; another wayto go is to 
onstru
t (see Se
tions 2.2.1 and 2.2.2) a 
ode or pi
k an existing one,and remove a 
odeword from it randomly.In Table 5.1 the �X� marks those problem instan
es, in whi
h tabu sear
h algo-rithm 
an �nd (in pra
ti
e, in theoreti
al sense there is always a 
han
e) a 
overing
ode attaining the 
urrent best known upper bound on D(n, R) and E(n, R) (Tables7.2 and 7.3) using a randomly 
onstru
ted initial guess. As 
an be seen from thetable, for the smaller problem instan
es using a randomly 
onstru
ted initial guessworks well, but for larger problems removing a 
odeword from existing 
ode worksbetter (the �rst existing 
ode were either 
onstru
ted with dire
t sum 
onstru
tion� Theorem 2.2.4 or 2.2.8 � or with the algorithm itself with random initial 
ode oflarge 
ardinality).5.3 Comments on ImplementationWhile implementing a lo
al sear
h method one has to bear in mind the fa
t that thetotal performan
e of the algorithm it not ne
essarily the sum of its individual parts.For example, just 
hanging the de�nition of the tabu list to the one des
ribed in thelast paragraph of Se
tion 5.2.5 (as in [17℄) de
lines the overall performan
e of thewhole algorithm.The lesson learned here is that it is dangerous to jump into 
on
lusions (i.e. dosome preliminary testing with one implementation and regard the implementationinferior/superior just based on that). The di�erent parts of the algorithm (likeneighborhood, �tness fun
tion and tabu list) should support ea
h other � and thisshould be taken into 
onsideration already when doing the design.It is hard to say anything general about what this should mean in pra
ti
e, buton should bear in mind that a very good idea (for instan
e for �tness fun
tion)might seem bad just be
ause the other parts of the implementation do not supportthe idea.



Chapter 6Empiri
al TestsIn this 
hapter the empiri
al results regarding the tabu sear
h and exhaustive sear
hare examined.6.1 Tuning Tabu Sear
hThe algorithms were implemented with standard ANSI C. Empiri
al tests were runon 10 2.4 GHz Celeron Debian Linux ma
hines with 1 GB ram. For ea
h parameter
ombination the algorithm was run 50 times, and result of the run (whether a
overing 
ode was found or not) and the total running time were measured. Thetime was measured with C fun
tion getrusage(), whi
h measures the a
tual resour
es(su
h as CPU time) used by the pro
ess. Measuring the a
tual real world time wasout of the question, sin
e the tests were run on shared university 
omputers, inwhi
h other users might also do something requiring a lot of 
omputing power.Test runs were 
arried out for the tabu sear
h algorithm for several problem in-stan
es. The instan
es were sele
ted to be those, whi
h were not too easy (algorithmwould fail every now and then) but the algorithm 
ould still found a 
ode attainingthe 
urrent best known upper bound by starting with a random 
ode as the initialguess. The obje
tive was to �nd out how the di�erent parameter values (the tabulist size and the allowed iterations, L) a�e
t the performan
e of the algorithm. Theresults are presented in Figures 6.1, 6.2, 6.3, 6.4 and 6.5, in whi
h su

ess rate referto the number of su

essful runs (a 
overing 
ode was found) versus the total numberof runs, and the running time refers to the average duration (in se
onds) of a singleexe
ution of the algorithm.One interesting question is, whether it is more e�
ient to run the algorithm withlonger limit, L, therefore in
reasing the 
han
e of �nding a 
overing 
ode; or wouldit be wiser to run the algorithm several times with smaller L during the same periodof time. In Figure 6.6 the average running time is divided with su

ess rate for someof the problem instan
es. The result of this division 
an be 
onsidered to be thee�
ien
y of algorithm with the 
orresponding parameter settings � i.e. how mu
htime on average is needed to �nd a 
overing 
ode (with a probability near 100%).34
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LimitFigure 6.1: Tuning tabu sear
h: (8, K)+1
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h: (9, K)+2
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LimitFigure 6.3: Tuning tabu sear
h: (10, K)+16.1.1 Con
lusions on Tabu Sear
hRather wide test runs were 
arried out with tabu sear
h in order to �nd about thebehavior of tabu sear
h, and this in
luded test runs in whi
h the algorithm was usedto �nd a bit worse 
ode than it would have been possible: logi
 behind this was tostudy, is the seemingly optimal tabu list size same regardless the 
ardinality of thetarget 
overing 
ode (i.e. would it be possible to determine the optimal tabu list sizeby running the algorithm �rst with larger � and easy to �nd � 
odes). And it wouldseem that the algorithm behaves so, but only to some extent, be
ause the range of�seemingly optimal� tabu list side widens rather fast � Figures 6.1 and 6.2 � whi
h
an not be fully 
ompensated by shortening the sear
h, and for larger and harderproblems the tabu list size is not that 
ru
ial any more � Figures 6.3, 6.4 and 6.5).As for the di�eren
es between asymmetri
 and unidire
tional problem instan
es� tabu sear
h seems to perform (with the 
urrent neighborhood, �tness fun
tion andtabu list) mu
h more ni
ely with the asymmetri
 
ase. For example the running timefor su

essfully sear
hing (10, 120)1 
ode is about seven times longer (the runningtime needed to get about 20% su

ess rate) than using the same algorithm for �nding
(10, 196)+1 
odes (Figures 6.3 and 6.4). This phenomenon seems to repeat forevery asymmetri
-unidire
tional problem pair, and this probably happens be
ausethe asymmetri
 
overing behaves more ni
ely than unidire
tional 
overing: withasymmetri
 
overings a single 
odeword 
overs less words � and when a 
odeword is
hanged, it does not a�e
t so many words � only the subset of those whi
h weight
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h: (10, K)1



6.2 Exhaustive Sear
h 39
(11, 68)±2

 0

 0.2

 0.4

 0.6

 0.8

 0  3  6  9  12  15  18   0k
  0k

  0k
  1k

  1k
  1k

 0

 0.2

 0.4

 0.6

 0.8

Success rate

Tabu list

Limit

 0
 10
 20
 30
 40
 50
 60
 70
 80
 90
 100

 0  3  6  9  12  15  18   0k
  0k

  0k
  1k

  1k
  1k

 0
 10
 20
 30
 40
 50
 60
 70
 80
 90

 100

Running time

Tabu list

Limit

(11, 69)pm2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  3  6  9  12  15  18   0k
  0k

  0k
  1k

  1k
  1k

 0
 0.2
 0.4
 0.6
 0.8

 1

Success rate

Tabu list

Limit

 0
 10
 20
 30
 40
 50
 60
 70
 80
 90
 100

 0  3  6  9  12  15  18   0k
  0k

  0k
  1k

  1k
  1k

 0
 10
 20
 30
 40
 50
 60
 70
 80
 90

 100

Running time

Tabu list

LimitFigure 6.5: Tuning tabu sear
h: (11, K)±2less than the 
odeword itself, whereas 
hanging a 
odeword in an unidire
tional 
odehas greater impa
t (so it is �easier� to break the 
ode).6.2 Exhaustive Sear
hThe exhaustive sear
h algorithms were implemented to solve v(n, w, k, w′), Algo-rithm 1 and to show non-existen
e of 
overing 
odes of given 
ardinality, Algo-rithm 2. With exhaustive sear
h algorithms one must always 
onsider, whether thealgorithm really works (e.g. the reason why algorithm does not �nd 
odes really isbe
ause there are none � and not be
ause there is an error in implementation) andthe attained results 
an be trusted.We are 
on�dent that the implemented algorithms perform 
orre
tly. This isbe
ause for Algorithm 1 the results 
oin
ide with A(n, d, w) and with Algorithm 2the results are 
orre
t with smaller problem instan
es. For the 
onvenien
e (forothers to verify the results presented in this thesis regarding the exhaustive sear
h)the total number of 
overing 
odes with 
ardinality of the exa
t bound are listed inTable 6.1.Evaluating these results is di�
ult, sin
e no su
h listing were made on earlierresear
h, even though in [3℄ they state that there are only four non-isomorphi
asymmetri
 (4, 6)+1 
odes � whi
h seems to be an error. The four isomorphi
 
odes
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n\R 1 2 3 4 5 6 7 8 91 12 2 13 1 3 14 8 3 4 15 3 10 5 5 16 19 4 1 8 6 17 32 402 15 4 11 7 18 9676 4 8 15 8 19 388 78 14 19 9 1Table 6.1: The total number of non-isomorphi
 (n, D(n, R))+R 
odesmentioned in [3℄ are the upper four 
odes in Figure 6.7, but there are four additional(the lower four) non-isomorphi
 
odes.6.2.1 Con
lusions on Exhaustive Sear
hThe thing to be noted with the exhaustive sear
h is that we were always able toimprove a lower bound attained only by using IPadv. The explanation for this israther simple: sin
e exhaustive sear
h used the same results (that is, v(n, w, k, w′))as IPadv for pruning 
odes, it were able to improve the lower bounds slightly (1�3
odewords). However, there should be a lot of room for improving IPadv or designinga better method for attaining lower bounds � and su
h an improved method 
ouldmost likely be used in exhaustive sear
h to prune 
ode more e�
iently.6.3 Comments on the ResultsA 
urious question regarding the attained lower and upper bounds on D(n, R) and

E(n, R) is that how good are the bounds (i.e. the used methods) really are? Resultslisted in this thesis seem rather impressing (many lower and upper bounds attained),but the resear
h on asymmetri
 and unidire
tional 
overing 
odes is s
ar
e. So howto evaluate how good the bounds really are (i.e. how 
lose are they to the a
tualvalues and how easy would it be to improve them)?We did some testing on K(n, R), whi
h have been resear
hed widely and its veryunlikely to get easily any improvements on the bounds. Idea would be to 
omparethe results with K(n, R) the known best result � and observe the di�eren
e. Thenthat di�eren
e might be used to estimate the results on D(n, R) and E(n, R). Eventhough the problems di�er to some amount, this estimation would give us some kindof feeling about the goodness of the results (feeling that might be proven 
ompletelywrong though).
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 0Figure 6.7: All non-isomorphi
 (4, 6)+1 
odesThe feeling we got with tabu sear
h were, that tabu sear
h performs well (thebest known upper bound is found) for at least n ≤ 10 and for K(n, R) ≤ 20, but forthe larger problems there might be room for improvement.The exhaustive sear
h algorithm 
an handle the lower bounds on K(n, R) forsmall n and K(n, R). Parti
ularly interesting are the lower bounds K(10, 3) ≥ 9and K(12, 4) ≥ 8, whi
h might be improved even with the 
urrent implementationof the exhaustive sear
h, that is if few months of 
omputing time were used (thisis just a rough estimate � and the 
omputer used for the 
al
ulations should havequite a lot of memory and raw pro
essing power to handle the breadth-�rst sear
h).



Chapter 7SummaryThe results of earlier studies, whi
h still 
ontribute to the best know bounds on
D(n, R) and E(n, R), were listed in Chapter 2. Upper bounds were not improvedin this thesis, but we managed to improved several lover bounds on D(n, R) by
ombining the results of di�erent papers � theoreti
al part from [7℄ 
ombined withinteger programming and exhaustive sear
h used in [18℄.The lower bounds on ⌈ 1

n
φ(n, R)⌉ (used with Theorem 2.2.3) are listed in Ta-ble 7.1. The unmarked entries are attained with IPsphere:φ(n, R)+ � as in [7℄,where the a
tual values were omitted. For some entries a better result 
ould bea
hieved with IPadv:φ(n, R)+, and they are marked with subs
ript a.The best known lower and upper bounds on D(n, R) and E(n, R) are listed inTables 7.2 and 7.3. The keys to Tables are as follows:Lower bounds (subs
ripts)in itali
s Theorem 2.2.6

a IPadv (IP Problem 3)
e Exhaustive sear
h (Se
tion 2)
h Theorem 2.2.3 and results in Table 7.1 (better than in [7℄)
o IPexa
t (IP Problem 1)
t Theorem 2.2.12Upper bounds (supers
ripts)
∗ Tabu sear
h (Se
tion 5), as used in [18℄Bothbold Bound on K(n, R) [4℄Unmarked Theorem 2.2.3 and results in Table 7.1Theorem 2.2.10, Corollary 2.2.9, lower bound on K(n, R)
1 Attained in [7℄
2 Attained in [3℄
3 Attained in [9℄ using a lo
al sear
h
4 Attained in [17℄ 43
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n\R 1 2 3 4 5 6 7 8 92 1 03 1 1 04 3 1 1 05 4 2 1 1 06 7 3 1 1 1 07 12 5 2 1 1 1 08 22 7 3 2 1 1 1 09 a43 a13 a6 2 2 1 1 1 010 a78 a21 a9 4 2 1 1 1 111 a142 a36 a14 a6 3 2 1 1 112 257 61 a22 9 a5 3 2 1 113 483 106 34 14 7 4 2 2 1Table 7.1: Lower bounds on ⌈ 1

n
φ(n, R)⌉

n\R 1 2 3 4 51 12 2 13 3 2 14 161 3 2 15 101 51 3 2 16 1181
181 4 3 27 2312

o143
o71 4 38 2582

e22�233
e123 6 49 h101�1062

h35�404
h18�193

e10 610 h179�1962
h56�703

h27�314 14�154
e8411 h321�3522

h92�1214
h41�514

h20�253
e12�13412 569�6683 151�2184

h63�924 29�424
h17�21313 1052�12533 257�4214 92�1654 43�714 24�353

n\R 6 7 8 9 10 116 17 2 18 3 2 19 4 3 2 110 5 4 3 2 111 e81 5 4 3 2 112 11�124 7 5 4 3 213 15�184
e10�113 7 5 4 3Table 7.2: The best known bounds on D(n, R)
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n\R 1 2 3 4 5 6 7 8 91 12 2 13 2 2 14 4 2 2 15 7 2 2 2 16 12 4 2 2 2 17 16 o8 2 2 2 2 18 32 o14* 4 2 2 2 2 19 62 e21�24* t8 2 2 2 2 2 110 107�120 e32�36* e14�15* 4 2 2 2 2 211 180�192 e53�68* e21�26* t8 2 2 2 2 212 342�380 e91�126* e32�44* e14�15* 4 2 2 2 213 598�704 e157�240* e48�74* e20�26* t8 2 2 2 2Table 7.3: The best known bounds on E(n, R)The tabu sear
h seems to be a very ni
e method for �nding 
overing 
odes �the sear
h is relatively fast and the algorithm is easy to tune (only two parameters,whi
h do not need to be tuned to the optimality for the algorithm to work). Theweak point for the algorithm seems to be the �tness fun
tion, sin
e it seemingly doesnot dire
t the sear
h quite well towards the global optima and makes lo
al optimatoo steep.Our suggestion for the next step would be to in
lude other information � whi
hmight seem to be rather irrelevant � to the �tness fun
tion so that truly good 
odes
an be re
ognized. Su
h information 
ould be the average times (and/or varian
e)a word is 
overed, distan
es between the 
odewords or the un
overed words. Sin
einterpreting and using this information to our advantage dire
tly is hard (sin
e wedo not have a 
lear pi
ture, what kind of properties a good 
ode has), a learningalgorithm � like neural networks � would be 
alled for. A learning algorithm needssome data to learn the good properties from, and this data 
ould be provided by anexhaustive sear
h algorithm. For example, exhaustive sear
h 
ould be used to listall partial 
odes, from whi
h a 
overing 
ode 
an be 
onstru
ted by adding the right
odewords.
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