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E. M. Schulson: Brittle failure of ice, Engineering Fracture Mechanics 68 (2001) 1839-1887.
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THE MODEL (1-D CASE)
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DISPERSION ANALYSIS - Basics

Dispersion = waves of different wavelengths have different phase speeds

Analysis = put the harmonic wave into the equation of motion

u(xz,t) = Aexp li(kr — wt)],

d?u B do _0
pdt2 dr
Dispersion relation w = Q(k)
. W . Ow
Phase velocity v = 7 group velocity wvr = 7

Nice illustration by Greg Egan
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http://www.gregegan.net/APPLETS/20/20.html

DISPERSION ANALYSIS - Basics

Non-dimensional quantities:

T =t/te, to=L/ce, Where c.=+/E/p

¢E=z/L, u=u/L, s=oc/o,

Relative strain e =¢/¢, where € =0,/F
Non-dimensional equation of motion

o 350 simply §—es' =0
— o er_ — 9 u - EI-S =
a2~ “de Y

Non-dimensional constitutive equations

(

=€, 10 = e, 16(e — &)
(e = f(B,s)
B =9(8,s)
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DISPERSION ANALYSIS - Viscous material

(s . . A -] i 1
Constitutive equations: s=¢€ (€€, e = (T95) 8P
Linearization at s.: §' = €€ —as’, where a= ﬂsi’_l
Equation of motion: u— U +ati =0

Damped harmonic wave: @(¢, 1) = Aexp(—af) expli(k.& — OT)]
Dispersion relation: iw(0? — k? + a?) + 20ak, — aw? =0

Solution

?r |

a

, Q=

\/1 i )2 V2\/1+ /T (afo)?
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DISPERSION ANALYSIS - Viscous material

dw dw and - “ now > anomalous dispersion
CR = —— = Co— C = — = Co=— CR > C
dk,  Cdk, ke Cky )
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DISPERSION ANALYSIS - Elastic damaging material
Constitutive equations: s = ¢,71(¢ — ¢é!), B=—(rq) 1 p 2 1s?r
Linearization at s.., (3, results in the equation of motion:

U — hott" —hitu+het” =0

where hg = B¢, hy Td_l ar—2g2r ho

* * )

(2r + 1)71q~ 137272527

*

Dispersion relation:
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DISPERSION ANALYSIS - Elastic damaging material

cr < ¢, hormal dispersion

r =4, eotq= 102 r=2417 eétq=10"110"210"" —

3.0
2.5
2.0
1.5

1
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DISPERSION ANALYSIS - Full transition model
Equation of motion: @ — hot"" — hyt + heti/—hsu = 0,

hO — ﬁ* hl — g3 + (S*/ﬁ*)gs_ﬁ*fs
h2 — 6*gﬁ h3: 6* (gﬁfs — f@gs)

. . . 4 T _ _ T
Dispersion relation: k, — a1k? — a2w? =0, a = agw/k;

(hg — hohy)@%+hahs
2(h2® + h3)
a1 — hal(@Q — th&o—l—hg)

apg —
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DISPERSION ANALYSIS - Full transition model - rate 10n

E = 40 GPa, oy = 20 MPa, t1)
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DISPERSION ANALYSIS - Evolution of the cut-off frequency

T T T 0.012 T T T
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Emerges near the peak stress
The saturation value of w. depend on the loading rate
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CONCLUDING REMARKS

Both anomalous and normal dispersion depending on state and loading rate

The model is not able to slow down the high frequency components
Emerging cut-off frequency
Length scale of the localization zone?

Stability?
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