S-72.2410 Continuous Channels (1)

a N

So far, we have discussed only discrete channels; we shall now have a
look at continuous channels.

If the discrete case is mastered, it is not difficult to handle the
analogous definitions and results of the continuous case. For example,
sums are replaced by integrals, etc. There are some important
differences, however, and some care is needed. Calculations, for

example, are generally more involved in the continuous case.

Entropy in the discrete case corresponds to differential entropy in

the continuous case.
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f Differential Entropy (1) I \

The cumulative distribution function of a random variable X is
F(z) =Pr(X < z). If F(z) is continuous, the random variable is said
to be continuous. Let f(x) = F’(x) when the derivative is defined. If
ffooo f(z) =1, then f(x) is called a probability density function
for X. The set where f(x) > 0 is called the support set of X.

The differential entropy h(X) of a continuous random variable X
with density f(z) is defined as

BX) = — /S F() log f(z) da,

there S is the support set of the random variable. /
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Differential Entropy (2) I

Two remarks:

1. As in the discrete case, the differential entropy depends only
on the probability function of the random variable. Hence
the differential entropy is sometimes written h(f) instead of
h(X).

2. Note that the differential entropy is defined only if the
aforementioned integral and density function exist!
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Example: Uniform Distribution'

We consider a random variable that is uniformly distributed from 0
to a, so foa f(xz) =1 gives that f(z) =1/a when 0 <z < a and 0

otherwise. The differential entropy is
“1 1
h(X) = —/ —log — dx = loga.
o @ a

Note: If @ < 1 in this example, then h(X) < 0. Unlike discrete

entropy, differential entropy can be negative!
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a N 4 )
Example: Normal Distribution'

oy Typical Sets for Continuous Variables
For X ~ ¢(z) = (1/V/27102) x e=* /27" the entropy in nats is b

h(¢) = /¢ ) Inp(z /¢ ( —Inv 2702) dx For € > 0 and any positive integer n, the typical set AE”) with
respect to f(x) is defined as follows:

11 2 1+ In 2702
= n — n
202 *3 o’ g T e

" 1
= %IHG—F %111271’0’2 = %111271’602. Ag ) = {(‘7;1"7;2""7xn) : ‘Ef(xlax%”-»l'n) - h(X)‘ < €}a

Changing the base, we get n
where f(z1,®2,...,25) = [[;_; f(zi).

1
h(o) = 3 log 2mea? bits.

N / N J
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Differential Ent . Discrete Ent 1
The AEP for Continuous Random VariableSI w

We consider a random variable X with density f(z), and divide the
range of X into intervals I; of length A; see [Cov, Fig. 9.1]. We
define the quantized random variable X2 by

For a sequence of i.i.d. discrete random variables, the AEP states
that p(z1,xa,...,2,) is close to 27"#(X) with high probability. This
enables us to define a typical set. For the continuous case, we have

analogous definitions and results.
)(A = Zy,
Theorem 9.2.1. Let X1, Xo,...,X,, be a sequence of random

variables drawn i.i.d. according to the density f(z). Then where z; € I; and

1 . .-
- log f(X1, Xa,...,X,) — h(X) in probability. fx)A = [ f(z)da.

I;
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Differential Entropy vs. Discrete Entropy (2) I

Theorem 9.3.1. If the density f(z) of the random variable X is

Riemann integrable, then
H(X?)4log A — h(X) as A — 0.
Thus the entropy of an n-bit quantization of a continuous random

variable X is approximately h(X) + n.

Example 1. If X has a uniform distribution on [0, 1] and we let
A =27" then h(X) =0 and log A = —n, so H(X*) = n and n bits
suffice to describe X to n bit accuracy.

N /
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Differential Entropy vs. Discrete Entropy (3) I

Example 2. If X is uniformly distributed on [0, %] and A =277
then h(X) = —3 and log A = —n. Now we get that H(X?) =n — 3.
Indeed, to describe X to m bit accuracy requires only n — 3 bits, as

the first 3 bits to the right of the decimal point must be 0.

In these examples, every value of X requires the same number of bits.
In general, however, h(X) + n is the number of bits on the average

required to describe X to n bit accuracy.

The differential entropy of a discrete random variable can be
considered to be —oo.

N /
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Joint and Conditional Differential Entropy'

The joint differential entropy h(X;, Xo,...,X,,) of a set
X1, Xo,..., X, of random variables with density f(z1,za,...,z,) is
defined as

—/f(ml,mg,...,xn)logf(ml,xg,...,xn)dxl dxo -+ dxy,.

The conditional differential entropy is defined as

h(X|Y) = — / f(,y) log f(zly) dz dy.

- /
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/ Relative Entropy and Mutual Information' \

The relative entropy between two densities f and g is defined by

f
D(fllg) = /flog =
g
The relative entropy is finite only if the support set of f is contained
in the support set of g.

The mutual information between two random variables is defined
by

)= [ f@y)log LY gy
165 = [ o)l s .

. /
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From the definition of mutual information it is clear that

I(X:Y) = h(X) = h(X|Y) = h(Y) = h(Y|X)

and

I(X;Y) = D(f(z,y)llf(x)f ().

The mutual information between two random variables is the limit of

the mutual information between their quantized versions, as
I(X2;Y2) = H(X?) - HXA2|)Y2)
R(X) —log A — (h(X[Y) — log A)
= I(X;Y).

N /

/ Mutual Information I \
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Properties of Differential Entropy'

All but the last of the following properties are analogous to the those
in the discrete case.

* D(fllg) = 0.

e I(X;Y) >0 with equality iff X and Y are independent.

o W(X|Y) < h(X) with equality iff X and Y are independent.
o N(X1,Xo,..., X)) =20 WX X1, Ximo, ..., X1).

o N(X1,Xo,...,X,) <0 h(Xy).

o (X +c¢)=h(X).

e h(aX) = h(X) +log |al.

N /
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The Gaussian Channel (1) I

The most important continuous alphabet channel is the Gaussian

channel, which is depicted in [Cov, Fig. 10.1]. This is a time discrete
channel with output Y; at time ¢, where Y; is the sum of the input X;
and the noise Z;. The noise is drawn i.i.d. from a Gaussian
distribution with variance IV, and Z; is therefore independent of the
input X;. Summing up,

Yi=X,+2%;, Zj~N(O,N).

- /
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The Gaussian Channel (2) I

Without further conditions, the capacity of the Gaussian channel

may be infinite:

e If the noise variance N is zero, Y; = X;. Since X, can take
any real value, the channel can then transmit an arbitrary
real number with no error. = We must have N > 0.

e If there is no constraint in the input, we can choose an
infinite subset of inputs arbitrarily far apart so that they are
distinguishable at the output with arbitrarily small
probability of error, and we get infinite capacity. = We must

have a (usually, energy or power) constraint on the input.

N /

16

©Patric Ostergard



S-72.2410 Continuous Channels (1) 17 S-72.2410 Continuous Channels (1) 19

/ The Gaussian Channel (3) I \
The Gaussian Channel (5) I

With an average power constraint, we require for any codeword

(z1,22,...,2,) transmitted over the channel that > The previous scheme converts the Gaussian channel into a

n
Iy az<p
ni:l

This communication channel models many practical channels,

discrete BSC with crossover probability P.,.

By using more than two levels in an analogous way, other discrete
channels can be obtained. Similar ideas are used in some practical

including radio and satellite links. modulation schemes.

We shall now look at the simplest (and suboptimal) case when only Advantage: Ease of processing of the output signal for error

one bit is transmitted over the channel. Given the power constraint, correction.
we have —V/P < X < /P, so the best we can do is obviously to use Drawback: The capacity of the channel is not reached.
\the values —v/ P and v/ P. J K J
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f The G ian Ch 1 (4 \ / \
\—M Information Capacity for Gaussian Channels (1) I

If both values are equally likely, the optimum decoding rule is to

check whether Y > 0 (then, X = \/]_3) or Y <0 (then, X = —\/]_3) The information capacity of the Gaussian channel with power
The probability of error with this decoding scheme is constraint P is
1 1
P. = ZPr(Y <0|X =VP)+ :Pr(Y >0[X = -VP
5 r( | ) 5 r( | ) C= max I(X;Y).

p(z):EX2<P

1 1
= Pz < —VP|X =VP)+ SPr(Z > VP|X = —VP)
By expanding I(X;Y), we get
= Pr(Z>VP)=1-0 <\/§>,

I(X;Y) = hY)-hY|X)=hY)—-hX+Z|X)
where ®(x) is the cumulative normal function = hY)—-h(Z|X)=nY)—-h(Z),
O(z) = / Le_% dt. since Z is independent of X.

N I / N /
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Information Capacity for Gaussian Channels (2) I

We get

EY?=E(X+Z)?=EX*+2EXEZ +EZ*> <P+ N,

since X and Z are independent and FZ = (0. By
[Cov, Theorem 9.6.5] (omitted here), we have that

hY) <

N /
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log 2me(EY?) < = log2me(P + N).

N | =
N —
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fInformation Capacity for Gaussian Channels (3) I\

Since we know h(Z) from an earlier example, we are now able to

finish the calculations.

I(X:Y) = h(Y)-h(Z) <

— lie(14 F
T 3% N

Hence the information capacity of the Gaussian channel is

1
log 2me(P + N) — 5 log 2mreN

DO | =

1 P
C—EI)I{lgé(PI(X,Y) = Elog <1+N>’

Qnd the maximum is attained when X ~ N'(0, P). /
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/ Coding Theorem for Gaussian Channels' \

By using arguments analogous to those of the discrete case, the
channel coding theorem for the Gaussian channel can be proved; see
[Cov, pp. 242-247]. A rate R is said to be achievable for a Gaussian
channel with a power constraint P if there exists a sequence of
(n,2"1) codes satisfying the power constraint such that the maximal
probability of error tends to zero. The capacity of the channel is the
supremum of the achievable rates.

Theorem 10.1.1. The capacity of the Gaussian channel with power
constraint P and noise variance N is

N

- /

1 P
C = 5 log (1 + —) bits per transmission.
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